Making use of a modified version, due to McCord, of the Dold-Thom construction of ordinary homology, we give a simple topological definition of a transfer for ramified covering maps in homology with arbitrary coefficients. The transfer is induced by a suitable map between topological groups. We also define a new cohomology transfer which is dual to the homology transfer. This duality allows us to show that our homology transfer coincides with the one given by L. Smith. With our definition of the homology transfer we can give simpler proofs of the properties of the known transfer and of some new ones. Our transfers can also be defined in Karoubi's approach to homology and cohomology. Furthermore, we show that one can define mixed transfers from other homology or cohomology theories to the ordinary ones.
2 Transfers for ramified covering maps noncommutative geometry. We show that the transfers for ramified covering maps can also be defined in this setting.
On the other hand, let X be a complex projective variety. Lawson [12] (see also [13] ) considered a topological abelian group Z p (X) generated by the subvarieties of dimension p, and he defined the Lawson homology of X by taking L p H q (X) = π q−2p (Z p (X)), so that L 0 H q (X) = π q (F(X,Z)). Furthermore, the construction of Eilenberg-Mac Lane spaces using F(S q ,Z) was generalized by Voevodsky [20] in order to have an analog of the Eilenberg-Mac Lane spectrum in algebraic geometry. This allowed him to define motivic cohomology.
The class of finite ramified covering maps on which we work was defined by Smith [18] , who constructed for them a transfer in singular homology. Later on, in [6] Dold gave an alternative construction and characterized ramified covering maps as maps between orbit spaces of the action of a finite group and a subgroup, and giving a modified definition of the transfer. Both definitions are algebraic in nature. These transfers have the usual property that when composed with the homomorphism induced by the projection of the ramified covering map, they yield multiplication by the multiplicity of the covering map in the homology of the base space.
There have been previous definitions of both the homology and the cohomology transfers for maps between orbit spaces of certain actions of a finite group and a subgroup, see Bredon [4] (and also tom Dieck [19] ). These definitions depend on the equivariant structure of the spaces involved.
In this paper we use the McCord [16] version of the Dold-Thom construction of ordinary homology mentioned above, to produce a topological transfer for general ramified covering maps. Namely, we define a transfer that is a continuous map between the topological groups associated to the total and to the base space of the ramified covering map. This codifies in a sense the fact that a transfer can be seen as a multivalued map. We also define a cohomology transfer using models of Eilenberg-Mac Lane spaces that have the structure of topological abelian groups. We apply either transfer to give some results about the homology or cohomology of orbit maps of the action of a group and a subgroup of finite index. The definitions of the new transfers are rather simple. This fact simplifies their computation (see (7.1) , for instance).
Friedlander and Mazur [7] constructed a trace map in the context of simplicial sets and chain complexes, which is similar to our homology transfer. They use their trace maps to study the homology of algebraic varieties. On the other hand, Cohen [5] defined a stable version of the transfer of an n-fold ramified covering map, provided that one inverts n!.
In this paper, we will work entirely in the category of weak Hausdorff k-spaces, which we will call compactly generated spaces (see [15] ). Moreover, unless otherwise stated, we will also assume that all spaces have the same homotopy type of CW-complexes.
McCord's topological groups
In this section, we recall briefly the spaces B(G,X) introduced by McCord. We find it convenient to use F(X,L) as an alternative notation. Details can be seen in [16] or [1, 6.3.20ff ].
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Let L be an abelian group and let X be a pointed topological space with base point * ∈ X. F(X,L) is the abelian group of all functions u : X → L such that u( * ) = 0 and u(x) = 0 for all but a finite number of elements x ∈ X. If these elements are x 1 ,...,x n and the values of u at each of them are l 1 ,...,l n , respectively, it is sometimes convenient to write u as n i=1 l i x i = l 1 x 1 + ··· + l n x n . In particular, for any x ∈ X, x = * , one may see lx as the element in F(X,L) whose value at x is l and whose value elsewhere is 0 (l * = 0). Taking L = R to be a commutative ring with 1 and x ∈ X, x = * then x ∈ F(X,R) can be interpreted as the function whose value at x is 1 and whose value elsewhere is 0. This defines a canonical inclusion X F(X,R). In this case, the elements x ∈ F(X,R) generate F(X,R) freely as an R-module.
The abelian group F(X,L) has a topology that turns it into a pointed space with base point 0 ∈ F(X,L). It is in fact a topological abelian group (in the category of compactly generated spaces). Consider the natural filtration of closed subspaces
where F n (X,L) consists of those functions u that are nonzero on at most n points in X.
The topology can then be defined as follows. For each n, take the surjection (
Here (L × X) n is the product of n copies of L × X, furnished with the compactly generated product topology, and F n (X,L) is given the corresponding quotient topology. Then provide F(X,L) with the weak topology (of the union).
Given a pointed map ϕ : X → Y and a homomorphism α :
In other words, F(ϕ,α)(u) is the function whose values at y ∈ Y are 0 unless y = ϕ(x) and u(x) = 0; in this case,
). An easy way of writing this is
. This definition turns F into a covariant bifunctor from the category -op * × Ꮽb of pairs consisting of a pointed topological space and a topological abelian group to the category -opab of topological abelian groups. We will denote F(ϕ,1 L ) simply by ϕ * and F(id X ,α) by α * . The fundamental property of the McCord topological groups is the following.
Property 2.1. If (X,A) is a pointed triangulable pair, then the quotient map p : [16] or [14] ). There is a natural H-isomorphism, that is, a pointed homotopy equivalence which is also a morphism of H-groups:
4 Transfers for ramified covering maps where Ω means the loop space and Σ the (reduced) suspension given by
where [−,−] * denotes pointed homotopy classes. We call this the suspension isomorphism (see [16, 10.4] ).
, we have that the space F(S q ,L) is an Eilenberg-Mac Lane space of type (L, q) that has the structure of a topological abelian group.
Hence we have a long exact sequence for the homotopy groups π q (F(A,L)), π q (F(X, L)), and π q (F(X/A,L)) for a pair (X,A) of the same homotopy type of a CW-pair. By this and the previous comment, we have that the groups
define ordinary (reduced) homology and cohomology theories with coefficients in L.
Remark 2.2.
Observe that the unpointed homotopy classes [X,F(S q ,L)] yield the unreduced cohomology groups H q (X;L).
Proof. This follows easily from the fact that the restriction ε n : F n (X,L) → L of ε is continuous, since its composite with the identification (X × L) n → F n (X,L) is obviously continuous.
Another useful property of the functor F is that one has a well-defined continuous pairing,
given by
(see [16, 11.6] ). If, in particular, L = M = R is a commutative ring with 1, with m : R ⊗ R → R as the ring multiplication, then composing (2.6) with m * , we obtain another pairing,
Using (2.8), one obtains products in homology and cohomology. We will be interested in the following.
Proposition 2.4. One has cap-products
if X is 0-connected and q ≤ k, and
Proof. Taking smash-products and the pairing (2.6), we have
If q ≤ k, using σ −q of the suspension property, we desuspend q times. Composing κ with the homomorphism
induced by the pointed inclusion S 0 → X + that sends −1 to some point x −1 in the pathconnected space X, we obtain the homology -product
On the other hand, if k ≤ q, using σ −k , we desuspend k times. And then, composing κ with the homomorphism
induced by the obvious map X + → S 0 , we obtain the cohomology -product
In order to obtain the Kronecker product −, − , we take q = k and consider the composite 17) where the last arrow is induced by the pointed inclusion S 0 → X + , and the equality follows from the bijection ε : F(S 0 ,R) → R given in Lemma 2.3.
Ramified covering maps
To give the definition of a ramified covering map, we will need the concept of nth symmetric product of a compactly generated space Y . It is defined by SP n Y = Y n /Σ n , where Y n has the compactly generated topology and the symmetric group Σ n acts by permuting the coordinates. We denote its elements by y 1 , y 2 ,..., y n . Definition 3.1. An n-fold ramified covering map is a continuous map p : E → X together with a multiplicity function μ : E → N such that the following hold:
where
In the original definition of Smith (see [18] ), SP n E is taken with the usual topology. Since in this paper we are assuming that all spaces are compactly generated, we have to check that the original definition is equivalent to the one given above. To that end and for the time being, we denote by E n the product of n copies of E with the usual product topology. Recall that there is a functor k from the category of weak Hausdorff spaces to the category of compactly generated spaces such that the identity k(X) → X is continuous.
Remark 3.2.
If E is a weak Hausdorff space, then one can show that E n with the usual product topology is also weak Hausdorff. Recall that in a weak Hausdorff space X a set C ⊂ X is closed in k(X) if and only if C ∩ K is closed for every compact Hausdorff subspace K ⊂ X (see [15] ).
Proof. Let p : E n → E n /Σ n be the quotient map, which is proper, since Σ n is a finite group. Consider the following commutative diagram of continuous maps:
Note that the quotient space k(E n )/Σ n is again compactly generated (see [15] ). Consider the continuous map
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Proposition 3.4. Let X and E be compactly generated spaces. A map ϕ : X → SP n E is continuous with respect to the usual topology on SP n E if and only if it is continuous with respect to the compactly generated topology on SP n E.
Proof. By the previous lemma, we can consider the following commutative diagram:
Therefore, ϕ is continuous if and only if k(ϕ) is continuous. 
Examples 3.6. Typical examples of ramified covering maps are the following: (1) standard covering maps with finitely many leaves; (2) orbit maps E/H → E/G for actions of a finite group G on a space E and H ⊂ G. They can be considered as [G : H]-fold ramified covering maps. In fact, Dold [6] proves that all ramified covering maps are of this form for G = Σ n and H = Σ n−1 (see Proposition 7.2 [3] prove that p is of the form E/H → E/G, with [G : H] = n, so that by (2), p is in fact an n-fold ramified covering map. An interesting special case of this is given by Montesinos [17] and Hilden [9] , who show that for any closed orientable 3-manifold M 3 , there is a branched covering map p : M 3 → S 3 of degree 3. [18] ).
The homology transfer
We will now define the homology transfer. In this section we will assume that all spaces and maps are pointed.
Definition 4.1. Let p : E → X be an n-fold ramified covering map with multiplicity function μ. Define the pretransfer
is clearly a homomorphism of topological groups and it is thus convenient to see what it does to generators. Namely, if lx is the function in F(X,L) such that it is zero everywhere, with the exception of x, where its value is l, then it is a generator and the pretransfer satisfies We will prove below that t p is continuous. Hence, on homotopy groups, the map t p induces the homolgy transfer
We have the following.
Proposition 4.3. Let p : E → X be an n-fold ramified covering map with multiplicity func-
Proof. Since F(X,L) has the topology of the union of the closed subspaces where
, and let j l : E n /Σ n → (L × E) n /Σ n be given by j l e 1 ,...,e n = (l,e 1 ),...,(l,e n ) . Then α • i l = j l • ϕ p , where ϕ p : X → SP n E. Since j l and ϕ p are continuous and L is discrete, α is continuous.
The quotient map q n factors through the quotient map q n :
where ρ n is also a quotient map. Now, δ makes the following diagram commute:
where sum is given by the operation in F(E,L), which is continuous. Since δ is continuous and q r is a quotient map, t p | Fr (X,L) is continuous. 
. This transfer, in turn, is determined by the pretransfer
Example 4.6. For the ramified covering map π B : B n × Σn n → SP n B of Examples 3.6, the homology transfer is given as follows. We first compute where
Therefore, Thus the above diagram yields
where the horizontal arrows are obvious and t A , t, and t are the corresponding pretransfers. Therefore, using t , we have a relative homology transfer τ p :
, and by the commutativity of the diagram, also this transfer maps the long exact sequences of (X,A) into the long exact sequence of (E,E A ), provided that the inclusion A X is a closed cofibration (in general it is also true by constructing an adequate ramified covering map over X ∪ CA).
The following theorems establish the fundamental properties of the transfer.
Theorem 4.8. Let p : E → X be an n-fold ramified covering map. Then the composite
is multiplication by n.
The proof follows immediately from the following proposition.
Proposition 4.9. If p : E → X is an n-fold ramified covering map, then the composite
The invariance under pullbacks is given by the following. 
where f * (p) : f * (E) → Y is the n-fold ramified covering map induced by p : E → X over f .
As for the previous theorem, the proof follows immediately from the next proposition. 
(4.24)
Take maps f 0 , f 1 : Y → X and let p : E → X be an n-fold ramified covering map. We have the induced covering maps over Y as follows:
Another property of the transfer is the following homotopy invariance. 
(4.26)
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The proof is an immediate consequence of the next proposition. 
One further property of the homology transfer that is useful is given by the following proposition.
Proposition 4.14. Let f : B → C be continuous and consider the commutative diagram
Then the following diagram commutes:
Proof. Using the description of the transfers given in Example 4.6, one can easily verify that the diagram commutes.
In Proposition 4.9, we computed the composite p * • t p . The opposite composite t p • p * is also interesting. An immediate computation yields the following. 
is given by
v(e ), (4.31)
for any v ∈ F(E,L).
In the case of an action of a finite group G on E and X = E/G, we have the following consequence.
Corollary 4.16. For v ∈ F(E,L), one has t p p * (v)(e) = g∈G v(ge). Therefore, the composite
is given by t p p * (v) = g∈G g * (v).
Proof. Just observe that the element ge is repeated in the sum μ(e) = |G e | times.
The two previous results yield the following in homology. 
is given by τ p p * (y) = y , where
v(s)(e ), (4.34)
Corollary 4.18. For an action of a finite group G on E and X = E/G, one has that the composite
is given by τ p p * (y) = g∈G g * (y).
Remark 4.19.
Considering an action of G on E and a subgroup H ⊂ G, one has different ramified covering maps as depicted in
One may easily compute several combinations of the maps induced by these covering maps and their transfers.
Another interesting property of the transfer is the relationship given by computing the transfer of the composition of two ramified covering maps. Before giving it we need the following. (q(z) ). In order to verify that this composite is indeed an mn-fold ramified covering map, consider the wreath product Σ n Σ m , defined as the semidirect product of Σ n and (Σ m ) n , where Σ n acts on (Σ m ) n by permuting the n factors. There exists an action ( by (ζ 1 ,...,ζ n ) · (σ,τ 1 ,. ..,τ n ) = (ζ σ(1) · τ 1 ,. ..,ζ σ(n) · τ n ), where ζ i ∈ Z m . Then we have the following diagram, where all maps are open:
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One may easily show that π is compatible with π
, and hence one has a canonical quotient map ρ :
The homology transfer behaves well with respect to composite ramified covering maps. 
(4.38)
Proof. As before, the second formula follows from the first. Take 
Proof. Consider the m-fold ramified covering map q : E → E such that q = id E and ν(e) = m for all e ∈ E. Hence p m = p • q. Then apply Theorem 4.21.
Remark 4.23.
The mn-fold covering map p m obtained from p is a sort of spurious ramified covering map, since the multiplicity of p is artificially multiplied by m. It is interesting to remark that the previous result shows that the transfer of this new ramified covering map p m is just the corresponding multiple of the transfer of the original ramified covering map p. Thus on this sort of artificial ramified covering maps, the transfer remains essentially unchanged.
The cohomology transfer
In this section, we define the cohomology transfer and prove some of its properties.
Definition 5.1. Let p : E → X be an n-fold ramified covering map with multiplicity function μ. Define its cohomology transfer
To see that the map α is continuous and that its homotopy class depends only on the homotopy class of α, observe that α is given by the composite
where the last map is given by the group structure on F(S q ,L), adding the components.
Remark 5.2. We might assume that E and X are paracompact spaces instead of spaces of the same homotopy type of a CW-complex. In this case, the same definition yields a transfer that is a homomorphism betweenČech cohomology groups:
since in this case homotopical cohomology coincides withČech cohomology (see [10] ).
Note 5.3. In order to define the cohomology transfer, the only property of the EilenbergMac Lane spaces given by F(S q ,L) required is the fact that they are topological abelian groups in the category of compactly generated spaces.
Similarly to the homology transfer, the cohomology transfer has the following fundamental properties. 
is multiplication by n. 
Similarly to Theorem 4.12, we also have the next property, which easily follows from Theorem 5.5. 
In Theorem 5.4 we computed the composite τ p • p * . The opposite composite p * • τ p is also interesting. As it was the case for the homology transfer, an immediate computation yields the following results for the cohomology transfer.
Proposition 5.7. Let p : E → X be an n-fold ramified covering map with multiplicity function μ. Then the composite
is given as follows. Take
μ(e ) α(e ).
(5.9)
Proof. Just observe that in the sum the element g * (ξ) is repeated μ(e) = |G e | times.
Generalizations and further properties of the cohomology transfer are studied in [2] .
Transfers in other theories
Karoubi [11] has defined the cohomology of a pointed space X as the cohomology of the de Rham complex of noncommutative topological forms on X. The de Rham complex is defined as follows. Let L be any abelian group and consider the group of continuous maps
where B q+1 is the (q + 1)-dimensional ball. The coboundary homomorphism
is given by sending f :
where κ : B q → S q B q+1 ; here the first map collapses the boundary of the ball to a point while the second includes the sphere as the boundary of the next ball. Given an n-fold ramified covering map p :
where ϕ p is the structure map of p and m B q+1 stands for the group operation in F(B q+1 ,L). One easily proves that this is a cochain homomorphism and thus it defines a transfer in the cohomology of Karoubi's cochain complex
Karoubi [11] has also defined (reduced) homology as follows. Take the group of continuous pointed maps
where the boundary homomorphism
is given by f → f • κ, κ as above. For a ramified covering map p : E → X, using the pretransfer of Definition 4.1,
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This map is easily seen to commute with the boundary homomorphism, so that one has a transfer in the homology of Karoubi's chain complex
These transfers are equivalent to the ones defined above; namely, one has the following. More generally, given a natural transformation of Φ : h → H q (−;L), where h is any homotopy functor, and given an n-fold ramified covering map p : E → X, one can define a transfer
This transfer has similar properties to those established in Theorem 4.10 and Proposition 4.14. Also we have the following formula: (2) the ones given by the Thom homomorphisms 15) where N G q is any bordism theory, for instance, unoriented, oriented, or complex bordism (G = O, SO, U); L varies according to the bordism theory. Similarly, given a natural transformation Φ : h → H q (−;L) of any contravariant homotopy functor h, one has a transfer
with similar properties to those of the cohomology transfer like Theorem 5.4 (see [2] , where a classification of transfers between representable cofunctors is given). Examples of these natural transformations are the Hurewicz homomorphisms from stable cohomotopy to cohomology or the Thom homomorphisms from cobordism theories to cohomology.
Some applications of the transfers
First we start considering a standard n-fold covering map p : E → X. In this case, the pretransfer (and thus also the transfer in homology) has a particularly nice definition. Since the multiplicity function μ : E → N is constant μ(e) = 1, the pretransfer t p : F(X,L) → F(E,L) is given by t p (u)(e) = u p(e) . (7.1) This fact has a nice consequence. F(E,L) G ) .
In what follows, we use the fundamental properties of Theorem 4.8 and Corollary 4.18, and Theorem 5.4 and Corollary 5.8 of both the homology and the cohomology transfers to prove some results about the homology and cohomology of orbit maps between orbit spaces of the action of a topological group G and a subgroup H of finite index. We will require that the (right) action of a topological group G on a space Y , both in the category of compactly generated spaces, satisfies that the set {(y, yg) | g ∈ G} ⊂ Y × Y is closed. This guarantees that the orbit space Y/G is again compactly generated (see [15] ). This will always be the case, when G is a compact group. (There are corresponding results inČech cohomology for paracompact spaces.)
Before starting we need to recall Dold's definition of an n-fold ramified covering map [6] . It is a finite-to-one map p : E → X together with a continuous map ψ p : X → SP n E such that (i) for every e ∈ E, e appears in the n-tuple ψ p (p(e)) = e 1 ,...,e n , (ii) SP n (p)ψ p (x) = x,...,x ∈ SP n X. This definition is equivalent to Smith's (see Definition 3.1), by setting ϕ p = ψ p and defining μ(e) as the number of times that e is repeated in ψ p (p(e)). 
